Given a ϕ-function ϕ and k ∈ N, we introduce and study the concept of (ϕ, k)-variation in the sense of Riesz of a real function on a compact interval. We show that a function u : [a, b] → R has a bounded (ϕ, k)-variation if and only if u (k−1) is absolutely continuous on [a, b] and u (k) belongs to the Orlicz class L ϕ [a, b]. We also show that the space generated by this class of functions is a Banach space. Our approach simultaneously generalizes the concepts of the Riesz ϕ-variation, the de la Vallée Poussin second-variation and the Popoviciu kth variation. c 2019 Mathematical Institute, Slovak Academy of Sciences. 2010 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 93B05, 93C25. K e y w o r d s: Riesz ϕ-variation, De la Vallée Poussin second-variation, Popoviciu kth variation, bounded (ϕ, k)-variation .
Introduction
In 1807, J. F o u r i e r ( [4] ) formulated the following conjecture: Every function (what was meant by function at that time) admits an expansion into what is called today a Fourier series. In 1829, D i r i c h l e t [2] proved the validity of Fourier's conjecture for monotone functions. In 1881, C. J o r d a n [6] , in a critical study of Dirichlet's work, extracted the notion of function of bounded variation (BV [a, b]) proving that a function u : [a, b] → R has a bounded variation if and only if it can be written as a difference of monotone functions. As a consequence, he concluded that for such functions Fourier's conjecture holds. These important facts motivated the generalizations of notion of bounded variation in many ways. For example, in 1910, F. R i e s z [15] introduced the notion of p-bounded variation RV p [a, b], for p ∈ (1, ∞) and proved that a function Previously, in 1908, d e l a V a l lé e P o u s s i n [3] introduced the class of functions of bounded second variation BV 2 [a, b]; here the following results are known:
• u belongs to BV 2 [14] extended the notion of second variation to the case of kth variation for k > 2 (BV k [a, b] ). Subsequently, this notion has been studied by A. M. R u s s e l l [17] in detail, and by M. W ró b e l [19] .
Recently, in 2010, the authors [12] combined the notion of p-variation (1 < p < ∞) in the sense of Riesz with the k-variation in the sense of Popoviciu introducing the new notion of (p, k)-variation in the sense of Riesz- 
This result is stated and proved as Theorem 3.1 below.
Some properties of bounded (ϕ, k)-variation functions
We start with some definitions and known results concerning the Riesz ϕ-variation, the de la Vallée Poussin second-variation and the Popoviciu kth variation.
By a ϕ-function we mean here a nondecreasing continuous function
such that ϕ(t) = 0 ⇐⇒ t = 0 and lim t→∞ ϕ(t) = ∞. 
where the supremum is taken over all partitions P of [a, b], is called the Riesz
then we say that the function u has a bounded (ϕ, 1)-variation.
The class of all (ϕ, 1)-variation functions is denoted by V R (ϕ,1) [a, b] and the vector space generated by this class is denoted by
has a structure of a Banach space.
In [9] , it is shown that if ϕ is a convex ϕ-function such that lim
In this way, it is necessary to assume the additional condition for the function ϕ,
which we call the ∞ 1 condition.
Given a ϕ-function ϕ, the set
is usually called the Orlicz class defined by ϕ.
In [10] , the following characterization of the class V R (ϕ,1) [a, b] known in the literature as Medvedev's lemma [10] is proved.
In 1908, d e l a V a l lé e P o u s s i n [3] introduced the class of bounded second variation functions as follows. Given a function u : [a, b] → R and a partition P of [a, b],
ON FUNCTIONS OF BOUNDED (ϕ, k)-VARIATION we consider the expression
and define the variation by The following result can be found in [3, 14] .
and u can be expressed as a difference of two convex functions. Now, we are in a position to introduce the following definitions.
] → R and let t 1 , . . . , t n be distinct points in [a, b] . We define the divided difference of u at points t 1 , . . . , t n by recurrence: 
In the case when two of arguments coincide, we can make the following definition.
Then, we define
providing this limit exists.
we say that the function u has a bounded (ϕ, k)-variation on [a, b] and the class of such functions is denoted
Remark 2.4º (a) If k = 1 and ϕ(t) = t p , p > 1, Definition 2.4 coincides with the classical concept of p-variation considered by F. R i e s z in 1911 [15] . If k = 1 and ϕ is a convex ϕ-funtion, this definition coincides with the notion of ϕ-variation considered by Y u. M e d v e d e d [10] . If k is a positive integer and ϕ(t) = t p , p > 1, this definition generalizes the concept of p-variation studied by N. M e r e n t e s, S. R i v a s and J. Sá n c h e z in [12] .
the sum in (4) of Definition 2.4 may be written as
On the other hand, from the properties of k divided differences, we may deduce that, if
, we conclude that this class is a symmetric set; if ϕ is convex, this class is also convex; however, it is not necessarily a linear space. Notice that the space
To prove that
Let ϕ be a convex ϕ-function and put
Then, A is balanced as convex and symetric. Moreover, given u ∈
so it is also absorbing set. Therefore, the Minkowski functional associated with A given by
Let us recall the following definition given by P o p o v i c i u in [14] and studied by R u s s e l l in [17] (cf. also M. W ró b e l [19] ).
Let k ≥ 1 be an integer. For a given partition P : a ≤ t 1 < · · · · · · < t n ≤ b, with n ≥ k + 1, and a function u :
and
where the supremum is taken over all the partitions P of the interval [a, b] with at least k + 1 points. Modifying the sum (6) slightly, we can consider the following similar but different definition. If k is a positive integer, u :
where the supremum is taken over all partitions P of the interval [a, b] with at least kn points. We define the vector spacê
For k being a positive integer, we have the estimateŝ
and, therefore,
In this way, if P :
and, without lost of generality, n = lk for some natural number l ≥ 2, then
Hence,
is a partition of the interval [a, b], then from the triangular inequality we obtain
From here, putting l = jk − 1, we get:
.
From this result, we deduce that all properties of the space BV k [a, b] are shared by the spaceBV k [a, b] as well. We summarize some of these properties in the following 
In the following theorem, we present a relation between the class
Also, if the ∞ 1 condition does not hold, then
Moreover, the above relations are also true if we replace V k (u) byV k (u) and
and P : a ≤ t 0 < t 1 < · · · < t n ≤ b be a partition of [a, b] containing at least k + 1 points. Consider the set
Since ϕ is convex and ϕ(0) = 0, we have ϕ(t) ≥ tϕ(1) for t ≥ 1 and
Therefore, we get that u ∈ BV k [a, b] and the indicated relation is verified. The proof of the second part of the theorem is the counterpart of the proof of theorem in [9] saying that if the ∞ 1 condition does not hold, then
Remark 2.5º
As a consequence of Theorem 2.1 and Theorem 2.3, we have that Theorem 2.3 is also true if we replace BV k [a, b] withBV k [a, b] and V k (u) withV k (u). In view of this result, from now on, we will assume that ϕ is a convex ϕ-function that verifies the ∞ 1 condition. Also, functions of bounded (ϕ, k)-variation in the sense of Riesz share all properties with the functions of bounded k-variation.
ÈÖÓÔÓ× Ø ÓÒ 2.2º Let ϕ be a ϕ-function and k a positive integer. Then, 
From this, we conclude that
ÓÖÓÐÐ ÖÝ 2.1º Let k be a positive integer and ϕ a ϕ-function. Then,
Using notation of Definition 2.3, we have the following lemma.
ÈÖÓÔÓ× Ø ÓÒ 2.3º Let ϕ be a convex ϕ-function, k ≥ 2 an integer, and
From the above lemma and the convexity of ϕ, it follows that Comparing with the definition ofV k [a, b] and modifying the sum in (4), we can consider the following definition. Given a positive integer k, a ϕ-function ϕ, a function u : [a, b] → R, and a partition
where the supremum is taken over all partitions P of the interval [a, b] containing at least 2k − 1 points. Let
From this definition, it immediately follows thatV R (ϕ,k) [a, b] is a symmetric set and, if ϕ is convex, this set is convex.
Consequently, for convex ϕ,
Let k be a positive integer and ϕ a convex ϕ-function. Consider numbers  a 1 , . . . , a k , b 1 , . . . , b k , such that
Now, we proceed similarly as in the proof of Theorem 2.1. Using the triangular inequality and the convexity of ϕ, we have b] , proceeding as in the proof of Theorem 2.1, we obtain
If we consider u ∈ V R (ϕ,k) [a, b] and a partition P :
of the interval [a, b], then proceeding as in the proof of Theorem 2.1 and using the triangular inequality and the convexity of ϕ, we get
From here, we get in turn , [a, b] ). [a, b] ) and, as a consequence,
In case ϕ(t) = t p , p > 1, the class V (ϕ,k) [a, b] coincides with the vector space RV (p,k) [a, b] which has been studied in [12] . So, we get the following ÓÖÓÐÐ ÖÝ 2.3º Let k be a positive integer. Then,
Moreover, proceeding in a similar way as in the proof of Theorem 2.3, the following theorem can be proved. Ì ÓÖ Ñ 2.5º Let ϕ be a convex ϕ-function and k a positive integer. Then,
Moreover, if the ∞ 1 condition does not hold, then Suppose that there exists x 0 ∈ (a, b), where u (k−1) does not exist. Then,
Consider 3(k + 2) distinct points t 1 , . . . , t k−2 , α 1 , . . . , α k−2 , s 1 , . . . , s k−2 ∈ (a, b) and h > 0 such that
By Remark 2.2, we have, for sufficiently small h > 0,
h .
Hence, putting
by (7), we get A h x 0 (t 1 , . . . , t k−2 , α 1 , . . . , α k−2 , s 1 , . . . , s k−2 ) = 0 and
applying (8), the continuity of ϕ and the ∞ 1 condition, we have
which contradicts the fact thatV R (ϕ,k) (u) < ∞. Hence, u (k−1) exists on [a, b] . Since E = ∅, we conclude that u (k−1) is continuous on the whole interval [a, b].
ON FUNCTIONS OF BOUNDED (ϕ, k)-VARIATION

Main result
Now, we will need the following proposition. ÈÖÓÔÓ× Ø ÓÒ 3.1 ( [5] , [1] )º Let n ≥ 1 and let t 1 , . . . , t n+1 be points of the
In particular, if the function u is n-times continuously differentiable in the neighbourhood of t, then
The main result reads as follows. 
and consider a partition P : a ≤ t 1 < · · · < t n ≤ b of the interval [a, b] with points s 1 , . . . , s nk ∈ [a, b] such that
By Proposition 3.1, there exist intermediate points
such that
. . , s jk ], j = 1, . . . , n.
Passing to the limit as s jk → s (j−1)k+1 = t j , j = 1, · · · , n−1, and s (n−1)k+1 → s nk = t n , we get ξ j → t j , j = 1, . . . , n. Since u (k−1) is continuous on [a, b], we obtain
As a consequence,
Conversely, let us suppose that u (k−1) is absolutely continuous on [a, b] and 
ÓÖÓÐÐ ÖÝ 3.2º Let ϕ be a convex ϕ-function satisfying the ∞ 1 condition and k a positive integer. Then,
] is a vector space if and only if ϕ 1 satisfies the condition 2 (∞), that is, there exist numbers η > 0, t 0 ≥ 0 such that
] if and only if there exist numbers η, t 0 > 0 such that
3.1º
Let ϕ 1 and ϕ 2 be ϕ-functions. Then, the following result holds.
Let k be a positive integer, and let ϕ 1 and ϕ 2 be convex ϕ-
if and only if there are η > 0, t 0 > 0, such that k) [a, b], then by Theorem 3.1 we have
Using Theorem 3.1 again, we conclude that u ∈V R
, then there are η > 0, t 0 > 0, such that ϕ 1 (t) ≤ η, ϕ 2 (t), t ≥ t 0 . Applying reasoning as in the first part of this proof, we obtain the inclusionV R
, which is a contradiction. Therefore, the claimed inequality is established. ÓÖÓÐÐ ÖÝ 3.3º Let k be a positive integer, and let ϕ 1 and ϕ 2 be ϕ-functions. So, by Theorem 3.1, we get the result. Conversely, suppose that V ϕ [a, b] is a vector space. Then, if we consider the convex ϕ-function ϕ 1 (t) = ϕ(2t), t ≥ 0, we obtain the inclusion
From Theorem 3.2, we conclude that ϕ satisfies the 2 (∞) condition. (ii) It is sufficient to show that if 0 < μ A (u) < λ, then μ A u λ < 1. By the convexity of functional μ A (·) and of part (i), we havê
Since the set
which completes the proof.
(iii) For 0 < λ < 1, by the convexity of functional μ A (·) , we have 1 λV
Thus,V R (ϕ,k) (u) ≤ λ, and thereforeV R (ϕ,k) (u) is a lower bound of
As a consequence, we haveV R (ϕ,k) (u) ≤ μ A (u). 
